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The Ising model is studied by the generating functional approach in order
to provide a better understanding of that method. It is shown how to derive
a general solution of a functional equation in terms of infinite-dimensional
integrals. This solution is not unique; the different possibilities are characteriz-
ed by different paths of integration. Further, the saddle point approximation
is used for the integrals in order to obtain second-order correlation functions.
It is shown that besides the “normal” solution, one obtains several anomalous
ones, which correspond directly to the nonphysical solutions of the transfer
matrix method for treating the partition function. It is also shown that only
the correct solution can give a realistic behavior of the correlation function
at large distances. The relevance of the saddle point methods for describing
phase transitions is also discussed.

KEY WORDS: Correlation functions; functional formalism; Ising model;
integral solutions; saddle point approximation.

1. INTRODUCTION

Functional methods providing an ultimate hope for going beyond conven-
tional approximation methods are now widely used in manybody theory and
statistical mechanics.®-2) Their essential attraction lies in the fact that they
formulate these formidable problems in an appealing and condensed
(although formal) way. Their difficulties are mainly of a mathematical
nature, and especially when dealing with functional integrals, their rigorous
meaning may be questioned. Further, they have not been able to provide
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much more than conventional approximation methods. In order to look for
their potentialities for the provision of more general methods, it seems to be
important to investigate them in detail for models such as the Ising model,
where many exact results are known.

Recently, Schwabl® has studied the generating functional of the
correlation functions for the Ising model, and obtained a functional differen-
tial equation of this. The general approach is similar to that of the present
author.® In Ref. 4, the generating functional approach to the continuum
gas was studied and functional integrals were obtained as formal solutions
of the basic equations. These integrals were not unique, since different
integrations paths could be admitted. This ambiguity occurs since we are
dealing with an infinite system where no end can be assigned for the chain of
equations of correlation functions. It was argued that the different solutions
may correspond to different phases and that they are intimately connected
with the complex limiting structure of the partition function. Further,
molecular field equations occur very naturally from this approach as condi-
tions for saddle points of the integrals.’® It is then an interesting question
whether each solution corresponds to a unique saddle point solution, and if
therefore the number of molecular field solutions reflects the nonuniqueness
of the basic problem. In the Ising model the different solutions should,
according to the discussion in Ref. 4, correspond to different eigenvalues of the
transfer matrix used in the solution of this problem.® The molecular field
equations are widely studied for this problem, which therefore provides a
suitable field for testing the basic ideas.

Another important task of this work is to study the meaning of the
saddle points of the integral solutions for the correlation functions. The
equations for these points, discussed in Ref. 5, yield generalizations to the
molecular field equations, but are far more complicated since, besides being
nonlinear, they lose the homogeneous character of the latter. In order to see
what can be obtained from these equations and what is required to achieve
a workable result, we find it useful to study these equations in a comparatively
simple limit case.

We start in Section 2 by discussing the general arguments, and show, in a
simple way, that Schwabl’s equation has different solutions corresponding
to different eigenvalues of the transfer matrix. In Section 3 we use an integral
transform for solving the basic equation. This solution is much the same as
the integral representation of Siegert.” It also has, however, the interesting
feature of being nonunique. Its properties, together with the saddle point
equations, are discussed in Section 4.

We finally remark that some of the solutions are immediately found to be
nonphysical. In spite of this, we think that they are important in this context
since we believe that the principle of getting nonequivalent solutions is
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fruitful for the study of general phase transitions. In order to do so, more
should be known about the solutions and how to find the correct one. There-
fore, at this first stage it seems to be more appropriate to study the simplest
possible situation rather than one that is physically more interesting but where
no exact results are known.

2. CORRELATION FUNCTIONS IN THE ISING CASE

The Hamiltonian of the problem is given by
i3 i

where o; = -1 and the indices i, j stand for the atoms of a lattice. We use
essentially the same notations as in Ref. 3. Here K;; and 4 are the dimension-
less interaction and magnetic field parameters,

Ky = vy/«T  and h = puB/xT %)
We put K;; = 0. Often we have only nearest-neighbor interactions

K if i,j nearest neighbors

Kis = %0 otherwise )
The partition function is
Z - Z eXp ('%‘ Z GiGjKij —i_ h Z 0'{) (4)
oy=41 ij i

Correlation functions are, as usual,
—H{{a}) /T __
g, = (1Z) Y (o405, 0) eV = (a0, 00> (9)
o=l
We also introduce a generating functional:

Flx] = Z Z /nY) gﬁ?)...inxil X,

n all 4

— (1Z) %, exp |¥. xi0 — [H{oDwT]|
{o}
{e}
where, for convenience, we put B; = h - x;.
We assume that the interaction is of a finite range, i.e., K;; = 0 for atoms
i and j separated by more than a given distance. In that case the problem can
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always be formulated by a transfer matrix‘® A relating the state of a group of
atoms, which may consist of lines or sheets, with that of the other atoms inside
their interactions range. If there are # such groups, the partition function is

Z—=Trdr =Y 4, 0)

where {A4,} are the eigenvalues. In fact, we can write

A= z Aaea 3 €y € = Smﬁerx (8)

The components of 4 are denoted by the letter r, which in general is a vector,
indicating the configuration of the corresponding group of atoms. We assume
S to be an operator which involves a finite number of groups, and for the
configurations r; , r; ,... obtain values S(r; , r5...). Then, for the average of
S, we obtain (the correlation functions are averages of this kind):

<S> = (I/Z) z S(rl s rZ LARES] rm) A(rl ’ 72)

all ¢

X A(r2 » r?,) A(rm s rm+1) Anvm(rm+1 > rl) (9)

provided we have periodic boundary conditions.
If we use (8) and assume

| AJA4s | < 1, all o B (10)
for sufficiently large n, we have

(8D = (1/4™) g S(ry seves 'm) A(ry 5 79) = Al s Finit) €6y 5 1)
allr
(11)

Irrespectively of the assumption (10), Eq. (11) defines a welldefined average
associated with the eigenvalue 4, . It was argued in Ref. 4, that, if we have a
linear chain of equations for determining averages of this type, all {(S),
should be solutions of these equations. The reason for this is that when the
relevant parameters are continued into a complex space, for any B, there are
regions U where (10) is valid. In such a region (11) is a true solution, which in
general is well-defined everywhere except, possibly, for singularities on some
set of zero measure. Because of the linearity of the equations, (11) also should
be a solution outside the region where (10) is valid and where it is the “true”
solution.

The situation is simplest for the one-dimensional Ising model with
nearest-neighbor interactions. Then, the matrix A has elements

A(o, 0') = exp[+ Koo' + 3h(c + o')] (12)
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with eigenvalues

Ay 5 = etKi(cosh h) + (e*X sinh?h + e X)1/2 (13)

The e matrices can be written as

e = {  cos? '9 cos.H sin 9) - ( sin? H. —cos 9 sin 9)
cos fsin 0 sin2f /)’ 2 —cos 6 sin cos? 0
(14)
where
tan 6 = (22K sinh% - 142 — ¢'X sinh & (15)

Then for a chain of n atoms
Z =Tr A" = A" + 4," ~ A (| Ay | 1s the largest) (16)
(005> = (1/Z) Z 0304, AM(0; 5 051) A" (051 5 0)) (17

O Ciqu

The limit functions are
(00 upe = 3, (1/4,*) 00'4*(a, ¢') e,(0’, 0)

= ), 00'[e,(0, 6) + (Ap/A)* €x(0, )] ea(0”, 0)
= co0s? 28 -+ (4p/A4,)" sin® 20 (18)

Ifh =0, we get
{0, O4pupr = tanh“k, (004,72 = tanh K (19)

Here, (14) and (15) have been used.

It is easy to see that the limit function {--->, increases with u, and thus
behaves nonphysically. This fact can immediately be generalized to the
general case, given by (9). It is then found that the nonphysical solutions
for the correlation function between atoms which are sufficiently far apart
from each other always increase with the distance. This fact seems to be the
most suitable one for selecting the correct solutions in methods of this kind.
The increase depends on terms (4z/A4,)*, which can always make the cor-
relation function increase if A4, is not the largest eigenvalue. For large u
(this parameter describes the separation) such terms will dominate the
correlation function. The free energy of the different solutions (“phases”)
can be defined to be NkT times the negative logarithm of the corresponding
eigenvalue. The correct solution, evidently, is given by the largest eigenvalue
and our condition above is therefore equivalent to choosing the solution
with the smallest free energy.
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We first show how the different solutions occur in the chain of equations
for correlation functions in the case of the one-dimensional nearest-neighbor
Ising model. Schwabl obtained the following equation for the second-order
correlation function (put {o,6;,.> = g, , & = 1):

8u — $(8u—1 + guyn) tanh 2K = 4 8, ((sech®2K +- 1 — g, tanh?2K) (20)
For the Fourier transform defined by C(k) = > g.e* this yields
C(k) = y(1 — tanh 2K cos k)~* 20

where y is the expression on the righthand side of (20). Then, g, is obtained
using
l T eiulc

&~ % ) T I(anh 2K)e® & e

lu)

- Y X _ ..
= 5 L — Ittanh 2K £ 1) dx = y x (sum of residues)

22)

Cis a closed curve. The integrand has poles at x; = tanh K and x, = coth K.
The residues yield

g — y(tanh K)'' cosh 2K, @ — _y(tanh K) ' sech 2K (23)

The definition of y then yields
g = (tanh K)*!, g = (tanh K)™* (24)

which are the ones previously obtained. We note that with this method
Schwabl calculated g, which is, of course, the only physically acceptable
solution. From our point of view, however, the other solution is of equal
interest.

3. THE FUNCTIONAL EQUATION AND ITS SOLUTION
We shall start with the expression for the generating functional F[x]

in (6).
Schwabl obtained the following linear equation for F:

(8/0x;) FIx] = [tanh (x +h+ Y Ky a/axj)] Flx] 25)

There are several integral representations for the generating functional("-®
based on the general definitions. Here we shall derive such a representation
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from Eq. (25). This will not provide any new kind of integral but it will be
important for getting more information about the equation.
We note that the expression

D(B,) = exp (PiBz' — %Z AijBiBj) (26)

with B; = x; + & is an eigenstate of the complicated tanh operator in (25)
provided that 4,; = A4, satisfies

Z Kz‘fAjk = Sik; (27)
i

The eigenvalue is tanh(}>’; K;; p;). Therefore, we look for a solution of the
form:

Flxl = C [ Tldp: [exp (T piB: — 1, 44B:B)| flo]  (28)

where S is some integration path, and C a constant, chosen such that F{0] = 1.
This is a solution if (i) f obeys the equation

| pi — tanh ¥ Kooy f10] = X Ay of [p)ps 29)
and (it) S is such that
[ T dos @1opy) | FLpexp (¥ piBi)| = 0 (30)

The solution of (29) is
7121 = [exp (—4 X Kupor) | T] cosh (£ Koo 3D

Condition (30) means that f[ p] shall vanish at the boundaries of S. Therefore
on S either (a) the p variables go from — oo to 4 co passing regions where
Re > K;;p; p; is bounded below (in order to make the absolute value of the
integrand bounded), or (b) the p variables vary along the imaginary hyper-
plane between points p,°, where the cosh factors vanish. The p,® are defined as

Y Kuyp® = (0 + B wi (32)

n being any (positive or negative) integer. It is also possible that a combination
of the different ways of integration exists. Generally, symmetric paths with
respect to the origin shall be chosen.



204 Clas Blomberg

Formulas (28) and (31) with the choice (a) for S can directly be trans-
formed to the Siegert integral” if one puts

pi— ) AuBr = w; (33)
%
Then

Flx]=C f: [ du; [exp (%é— Z K,-juz-uj)[ H cosh (Z Ky + x; + h)
(34)

The integration path of type (a) is the only one which appears from a direct
transformation of the sum of the last part of (6). As mentioned above, this
sum has a strict meaning only for finite systems. In that case, no ambiguity
should occur. In the infinite system, however, the limit can be nonunique.
The form of Eq. (25) is not changed in the limit but a constraint on its
solutions for correlation functions of very large order will disappear. This is
what introduces the ambiguity. We therefore expect the anomalous type
(b) solutions to be meaningful in some sense for the infinite system. This is in
accord with the ideas of Ref. 4.

We here make a few remarks about the paths of integration. As the
quadratic form ¥ K;;u;1; is not necessarily positive-definite, we should instead
transform it to a diagonal form (accomplished by a Fourier transformation)
and integrate the variables in an appropriate way along the real and the
imaginary axes. Since the basic equation (25) is linear, any linear combination
of solutions is also a solution. The true solution shall be chosen as the one
with lowest free energy which fulfills important physical restrictions. The free
energy can be directly calculated from the knowledge of the second-order
correlation function.

Clearly there are very many solutions. Most of the solutions, however,
are far too irregular to be accepted. In addition, there are evidently solutions
with a broken symmetry, i.e., for which {o;> = @F[x]/ox does not vanish for
x; = h = 0. This property is not shared with the representations from the
partition function approach, where the first-order correlation functions
always vanish. The “anomalous” property occurs for asymmetric paths, e.g.,
between Y Ky;p; = i(2n — D)m/2 and i@n -+ D)m/2 or from > Kyp; =
i(2n - 1)7/2 to infinity. We see that linear combinations of such paths can
yield symmetric ones with the ‘“normal” symmetry property {¢,> = 0.
Further, from the symmetric structure of the integrals it follows that paths
which are reflections of each other in the real hyperplane yield complex
conjugate results, and therefore correspond to solutions (possibly combina-
tions) of the same real eigenvalues. For this reason, anomalous, asymmetric
solutions can only be accepted if they yield degenerate symmetric solutions
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(of degenerate eigenvalues). This is a well-known condition for symmetry-
breaking solutions in, e.g., matrix methods.

4. THE SADDLE POINT APPROXIMATION

The most-used approximation of infinite integrals of the type above is the
saddle point approximation. We shall demonstrate this method here for the
case of the second-order correlation function. For simplicity, 4 is put equal to
zero. We write

{owoy = Ffl/Fo (35)

where
Fy = L [1dp: [exp (_% Z Kijpipj)] H cosh (Z K“.pi> (36)
K ¢ i
and

Fit = fs H dp; [CXP (—% Z Ki:ipz‘pj)] sinh (Z Kkjpa') sinh (Z szpj)
(%] 3 7
X [] cosh (Z K; pj) (37)
%k, i

Saddle points of the integrands are obtained when (presuming K;; can be
inverted)

for Fy: P, = tanh (Z_ K p,-) (38)
i
for Ff*:  pkl) = 8,3 coth (; Ky 13,-) + §,; coth (; K p'j-)
(1 — 8 — 8;) tanh (Z KyP)) (39)
Equation (38) becomes the familiar molecular field equation:

p = tanh(2Kp) (40)

if we assume p; is independent of i, i.e., p; = p, >; K;; == K. This is also the
equation obtained in the appendix, where some of its properties are discussed.

‘When integrating along the (a) type of path [i.e., the Fourier sums of the
p; are integrated from — oo to 4 o0 (or —ioo to +ico according to the signs
of the eigenvalues of K;;)], this equation yields a maximum when all p; =
P == 0when 2K < 1, and two maxima at points p; = +p = 0 when 2K > 1.
In the latter case the origin is a minimum. The integration along the type (b)

822/7/3-2
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path closest to the origin (namely > Kj;p;: —iw/2 — im/2) has a converse
structure: There are two maxima for 2K <C 1 and one maximum (at the origin)
when 2K > 1. In general, when there are several maxima the approximated
integral should be the sum of their contributions.

Equation (39) is more complicated since it distinguishes two lattice
points k and / (the indices should be looked upon as vectors). For points far
away from these we should get the solution of (38):
pikD) kL iae P =P (41

In fact, the solutions converge fairly rapidly toward this value (at least
unless 2K ~ 1).

There is a symmetry property in (39) for points around the point m =
(k + 1)/2. The solutions are either symmetric or antisymmetric with respect
to that point:

cither Py, = Bh  Of B, = P “2)
If the asymptotic point p of (41) is not zero, only the symmetic solution is
possible. (Note that » and n need not be points of the lattice.) The complete
expression shall be the sum of the contributions of these solutions, which
yield the two maxima of the integral.

As for the factors of the integrand of (37), the cosh factors are essentially
the same for the symmetric and the antisymmetric solutions. The two sinh
factors, however, get different signs. In order to get the sum of the contri-
butions of the symmetric and the antisymmetric solutions, it is then necessary
to know the difference of the sinh factors in these cases. Some consideration
shows that this difference is essentially determined by the difference between
the corresponding solutions for the p values in the middle of the interval
between & and /.

In order to show the general features of Eq. (39), we consider the one-
dimensional case, and also restrict ourselves to the limits of large and small K.
(There is no difficulty in one dimension in obtaining a numerical solution for
the general case. The qualitative features are, however, apparent already in
the limiting cases.) The equations in one dimension are, with nearest-neighbor
interactions,

pukl) = tanh{K[ p; 1(k]) + Poys(kD]}, i+ K, 1
pukl) = coth{K[ pr_1(kl) + Prra(kD]} (43)
pukl) = coth{K[ p, (k) + Pr.a(kD]}

When X is small (< 1), for the “normal” solution, p, and p; become large.
Pr—t » Pus1» D1 » and Py, are not small, but the rest are of order X or less.
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In fact, for i < k — 1 (assume / > k)
Ps ~ KpPry and  Pp; ~ tanh(Kpy) 44)

We get similar relations for i > / + 1. For i between k and /, the situation is
also similar, the p; decrease rapidly when i goes from k or / toward the central
point m. The situation, however, depends on the distance | / — k| and also
upon the symmetric character of the solutions. In fact, the symmetric and
antisymmetric solutions in (42) yield the same contribution in first order, and
higher-order terms must be considered to get the correct expression.

For [ = k + 1, one gets

Py = coth[K( P, + Pr_1)] ~ coth(Kp;) ~ 1/ VK (43)

provided p;, = P, > P;_; - There is no antisymmetric solution in this case.
For [ == k - 2 the symmetric solution yields

Pr = coth[K( Py - Pri)] ~ V/EK(pr—y + Prsn)
Pr1 ~ tanh(Kp;) ~ tanh[1/(py_; + Prel (46)
Dryy = tanh(2Kp;) ~ tanh[2/(py, -+ Prs)]

or if x is the solution of x == tanh(1/x) + tanh(2/x),
Pr1 = tanh(1/x),  Pr.y = tanh(2/x) 47
The antisymmetric solution is given by
Prix =0, Pr~ 1/KPy1, Pryis the solution of x = tanh(1/x) (48)

When / > k -+ 1 the points between & and / are important. We get the
following:

1. I = k + 2v; m = k - v belongs to the lattice:
pms 7 K(V_Dﬁk—i—l H ija = (49)
2. I = k- 2v + 1; m does not belong to the lattice:

pli+v+1 = ﬁ;a-kv ~ K(v—l)pk+1 = ta’nh[[<(I_)7c+v—-1 + ﬁk—i—l)]
_ _ _ - _ (50)
Py = TPy, N K*p, ., = tanh[K(p,,, , — Pri)]
from which we obtain

Po, K+ K)Pyys Py (KT = K) Py (h
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We then use these points in the integrals (36) and (37). The integrands
are transformed to the form

FIp] exp{—ryl P] 8:8;} (52)

where 8; = p; — P, and higher-order terms are neglected. Equation (35) is
then obtained in the form

ALPKD] [ Det{ry[pl} |72
NECANAT) (Det{xﬁ[p(kl)]}) (53)

From above, we see that for small K, f, ~ 1. The important f; terms are
primarily the sinh factors and the difference between the symmetric and
antisymmetric expressions. These terms yield the K dependence. The two
sinh factors are each proportional to VK if / = k + 1 and to K otherwise.
From the formulas (46)-(51) one finds that the difference between the sym-
metric and antisymmetric solutions is proportional to K**2if | > k 4 2.
Therefore f;/f, is proportional to K*-#, The determinants of the « matrices
both turn out both to be proportional to K¥/%, where N is the number of
lattice points. Thus, we get

(oo ~ KI-F] 4

which is the right behavior. It is not as easy (but not impossible) to get the
numerical factor. Primarily because the integral gets important contributions
from regions where higher-order terms of the hyperbolic functions are
appreciable, this factor does not come out correctly in this approximation
except for the case / = k - 1, when it becomes equal to one, as it should.

The situation for large K is simpler. Then, from (43), one finds that all
7; are approximately equal to one (or minus one). (There is no antisymmetric
solution in this case.) Then, for all finite distances | / — k| the correlation
functions become one, as they should.

Finally, we briefly discuss the behavior of the “anomalous” solution
where the p; are integrated along the imaginary axis, and

—mf2 < ImzKﬁpio < 7[2
The saddle points of (38) are given by
X = tan 2KX (55)
where p = ix. The positive solution for small X is
X = xo = (m/4AK) — (4/m) + O(K) (56)

(i.e., 2KX ~ /2, cos 2KXx =~ K). In this case, the main behavior close to the
saddle point is determined by the (now) trigonometric factors, which vary
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more rapidly than the Gaussian. In the F; integral of (39), we do not get any
maximum for the sine factors, which together with the Gaussian, increase in
the entire interval. Its arguments > K;;p; , 1 = k or I, should therefore be at
the boundary. With this constraint, the maximum point can be obtained as
before. The convergence toward the value in (56) is slower than it was
earlier. As before we expand around the maximum points and get an
expression exp(—«;; 8x; 8x,). In this case the matrix «,; is in lowest order
independent of K, in contrast to the previous case, where it was proportional
to K. Each of the cosh factors (now cos factors!) of (36) and of (37), for at
least i€k and i3>/ (I >k assumed), is proportional to K and the
corresponding quotients of these factors in the approximate expression are
of order one. For the factors in (36), this fact is obtained from (56). In (37)
for i < k and i > [, the —4/x7 term of (56) is replaced by a constant which
becomes equal to thatvalueas|i — k|and|i — /| go to infinity. Close to
k and [, this constant is dependent on K and is small. Because of this, all the
quotients of the cos factors for i < k and i > / in the approximate integrals
yield a factor proportional to K.

For points  between k and [, the sums 3 K;,;X; are no longer close to
/2 and, correspondingly, the cosh factors are of order one instead of K. This
means that in the quotient F,/F, we get a factor

1/K from sinh [2 Kk,o‘co(kl)] /cosh [}j K,C,-J‘c,-]
or from cosh [Z Kl-,o‘c,-(kl)] / cosh [Z Kz-,o?,-]
for every i such that & <Ci <C I The result is therefore
ooy ~ K- (57)

as it shall be for the anomalous solution. Because the ranges of the approxi-
mating Gaussians are not small, the numerical coefficient can not be expected
to come out correctly.

5. DISCUSSION

Before going deeper into the results of the previous sections, there are a
few important questions that remain to be cleared up. The first concerns
a subsidary condition, which is a direct consequence of (6):

B2F[x]jox2 = Flx] (58)

This relation was used by Schwabl. It can be shown that the functional
equation with this condition must have a unique solution for a finite system.
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It is also easily seen that among the integral representations derived above,
only the one with the integral path of type (a) fulfills (58) strictly. However,
it is also quite clear that the importance of the functionals lies very much in
the fact that they provide the correlation functions. It is therefore only
necessary that (58) have a local meaning. It follows from the integral represen-
tations that, for an infinite system,

02 om om

3xi2 anl T 8xij[x:| = 6Xj1 o 8xjm

Flx] (59)
when all x; are zero for all finite m for any of the possible solutions. Therefore
all solutions are acceptable if (58) is considered in its local sense (59).

. Another question is related to the problem of “too many solutions”
already mentioned. The actual number of solutions is certainly smaller than
the number provided by possible integration paths. The way out of this
seems to be the fact that the solutions are linearly dependent and that different
paths can give rise to the same correlation function. At the moment, however,
it seems difficult to prove this statement in general (as most things are
difficult to do directly with functional integrals).

We have found in this work that the functional equations for the Ising
model have numerous solutions. From the discussions of the limiting cases
of the one-dimensional model it is seen that the functional integral solutions
really correspond to the true structure of the partition function. This is
probably a general situation and the study of the “anomalous” solutions
should therefore be a meaningful task since they can enter as “condensed”
states of the system.

An interesting remark, which also was made by Schwabl, is that the
functional approach is not a good one for the Ising model, where other
methods give much more precise results in an easier way. However, the
Ising model is not studied here for its own sake but for the aid it offers us in
understanding other systems better. In fact, the continuum system is in
many respects simpler than the lattice system in the functional presentation.

Among the important conclusions of the work is the statement, dis-
cussed in Section 2, that the ““false” correlation functions behave in an
unrealistic way. As was said there, this is an important criterion for choosing
the correct solution. There are also always symmetry-broken solutions,
yielded by asymmetric integration paths; such solutions are often found in
molecular field theories, which here correspond to saddle points. The treat-
ment shows that such solutions can only be accepted physically if it can be
shown that there are degenerate solutions. In the molecular field approach the
integrals along the “anomalous” paths are in fact negligible compared with
the normal integral and, therefore, apparently proportional (the propor-
tionality factor being zero). This is the reason why solutions of broken
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symmetry turn up. Strictly speaking, the contributions of all saddle points
should be added. The mere occurrence of anomalous solutions in molecular
field equations is therefore in a strict sense never an indication of a phase
transition. What must be shown is in some way the proportionality of the
integrals. It may be possible to show this by saddle point methods, and, as
discussed above, it suffices to show that the anomalous correlation functions
(here given by the bounded imaginary integration paths) behave physically.
If this can be shown in a limiting case of e.g., low temperatures, where the
saddle point method is most likely to yield reasonable results, it is a clear
indication that a phase transition has taken place.

APPENDIX

‘We briefly discuss the one-variable equation

V) 4 tan (x +a-0) 709 = 0 (A1)

The equation is closely related to the multidimensional one discussed
here. Its features are important for us to study in order to get a better under-
standing of the functional treatment. By the method of this paper, we can
obtain the general solution in terms of integral transforms:

fx) = Cf dp exp[—(x*/2a) — xp — %ap®] cosh ap
N
= C’f du [exp(—%au?)] cosh{au + x) (A.2)
&
The integration paths can be:
Type (a). S, 8t — o0 — 4+
Type (b). Symmetric parallel to the imaginary axis:
b;: S:  —%im — Lim; St x — fm—>x+ Lim

by: St —i(nt+ D> —in— Pm, i — P in + P
S’:  the same -+x

By these integration paths, we are sure to get df(x)/dx = 0 when x = 0.
For other, asymmetric paths, we can get df(x)/dx = 0 for x = 0 (corre-
sponding to nonzero magnetization).

We look for the saddle point approximation for the integrals represen-
tating f(0). The saddle point occur for

u = tanh aqu (A.3)
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It is easily seen that the saddle points are either along the real or (most of
them) the imaginary axis. For the (b,) paths, there is always one saddle point
on each of the two symmetric components, For the (a) and the (b,) paths, the
situation is slightly different. When ¢ <C 1 there is no saddle point on the real
axis but only at u = 0, which yields a maximum. On the (b,) path there are
two maxima for u# == 0 and a minimum at # = 0. When @ > 1 the situation on
these paths is reversed. The only real value of a for which saddle points
coincideis g = 1 at u = 0.
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